We review a variety of theoretical and experimental results concerning electronic band structure of superconducting materials based on FeSe monolayers. Three type of systems are analyzed:
INTRODUCTION
The discovery of a new class of superconductors based on iron pnictides has opened up the new prospects for the study of high-temperature superconductivity (cf. reviews [1] [2] [3] [4] [5] [6] ).
The nature of superconductivity in these novel materials and other physical properties significantly differs from those of high -T c cuprates, though they still have many common features, which gives hope for a better understanding of the problem of high-temperature superconductivity in general.
The discovery of superconductivity in iron pnictides was soon followed by its discovery in iron chalcogenide FeSe. A lot of attention was attracted to this system because of its simplicity, though its superconducting characteristics (under normal conditions) were quite modest (T c ∼8K) and its electronic structure was quite similar to that of iron pnictides (cf. review in [7] ).
The situation with iron chalcogenides fundamentally changed with the appearance of intercalated FeSe based systems with the value of T c ∼30-40K, which immediately attracted attention due to their unusual electronic structure [8, 9] . Currently quite the number of such compounds is known. The first systems of this kind were A x Fe 2−y Se 2 (A=K,Rb,Cs) with the value of T c ∼ 30K [10, 11] . It is generally believed that superconductivity in this system appears in an ideal 122-type structure. However samples studied so far always have been multiphase, consisting of a mixture of mesoscopic superconducting and insulating (antiferromagnetic) structures such as K 2 Fe 4 Se 5 , which complicates the studies of this system.
A substantial further increase of T c up to 45K has been achieved by intercalation of FeSe layers with rather large molecules in compounds such as Li x (C 2 H 8 N 2 )Fe 2−y Se 2 [12] and Li x (NH 2 ) y (NH 3 ) 1−y Fe 2 Se 2 [13] . The growth of T c in these systems might be associated with increase of the distance between the FeSe layers from 5.5Å to ∼7Å in A x Fe 2−y Se 2 and 8-11Å in the large molecules intercalated systems, i.e. with the growth of the twodimensional character of the materials. Most recently the active studies has started of [Li 1−x Fe x OH]FeSe system with the value of T c ∼43K [38, 39] , where a good enough single -phase samples and single crystals were obtained.
A significant breakthrough in the study of iron based superconductors happened with the observation of a record high T c in epitaxial films of single FeSe monolayer on a substrate of SrTiO 3 (STO) [14] . These films were grown as described in Ref. [14] and most of the works to follow on the 001 plane of the STO. The tunnel experiments reported in Ref. [14] produced the record values of the energy gap, while the resistivity measurements gave the temperature of the beginning of superconducting transition substantially higher than 50K. It should be noted that the films under study are very unstable on the air.
Thus in most works the resistive transitions were mainly studied on films covered with amorphous Si or several FeTe layers. It significantly reduces the observed values of T c .
Unique measurements of FeSe films on STO, done in Ref. [15] in situ, gave the record value of T c >100K. So far, these results have not been confirmed by the other authors.
However ARPES measurements of the temperature dependence of the superconducting gap in such films, now confidently demonstrate value of T c in the range of 65-75 K.
Films consisting of several FeSe layers produce the values of T c significantly lower than those for the single -layer films [16] . Recently monolayer FeSe film on 110 STO plane [17] covered with several FeTe layers was grown. Resistivity measurements on these films (including measurements of the upper critical magnetic field H c2 ) gave value of T c ∼30K.
At the same time, the FeSe film, grown on BaTiO 3 (BTO) substrate, doped with Nb (with even larger than in STO values of the lattice constant ∼ 3.99 Å), showed in the ARPES measurements the value of T c ∼ 70K [18] . In a recent paper [19] it was reported the observation of quite high values of the superconducting gap in FeSe (from tunnelling spectroscopy) for FeSe monolayers grown on 001 plane of TiO 2 (anatase), which in its turn was grown on the 001 plane of SrTiO 3 . The lattice constant of anatase is very close to the lattice constant of bulk FeSe, so FeSe film remains essentially unstretched. Also these systems can be considered, to a first approximation, as a quasi-two dimensional.
Note that all of the FeAs crystal structures shown in Fig. 1 der Waals interactions. This makes the system suitable for intercalation of various atoms and molecules that can be fairly easy introduced between the layers of FeSe. Chemistry of intercalation processes for iron chalcogenide superconductors is discussed in detail in a recent review Ref. [23] . The crystal structure of K x Fe 2 Se 2 and [Li 1−x F x OH]FeSe systems are shown in Fig. 2(b) .
The structure of the FeSe monolayer film on STO is shown in Fig. 3 . It can be seen that the FeSe layer is directly adjacent to the surface TiO 2 layer of STO. Note that the lattice constant within FeSe layer in a bulk samples is equal to 3.77Å, while STO has substantially greater lattice constant equal to 3.905 Å. Thus the single -layer FeSe film should be noticeably stretched, compared with the bulk FeSe. However this tension quickly disappears as the number of subsequent layers grows.
ELECTRONIC STRUCTURE OF IRON -SELENIUM SYSTEMS
Electronic spectrum of iron pnictides now is well understood, both by theoretical calculations based on the modern band structure theory and ARPES experiments [1] [2] [3] [4] [5] [6] .
Almost all physical effects of interest to superconductivity are determined by electronic In this rather narrow energy interval around the Fermi level the dispersions can be considered as parabolic [4, 24] . LDA+DMFT calculations [25, 26] show that the role of electronic correlations in iron pnictides, unlike the cuprates, is relatively insignificant. It is reduced to a noticeable renormalization of the effective masses of the electron and hole dispersions, as well as to general "compression" (reduction) of the bandwidth.
The presence of the electron and hole Fermi surfaces of similar size, satisfying (approximately!) the "nesting" condition plays a very important role in the theories of superconducting pairing in iron arsenides based on (antiferromagnetic) spin fluctuations [4] . We shall see below that the electronic spectrum and Fermi surfaces in the Fe chalcogenides are very different from this qualitative picture of Fe pnictides. It raises the new problems for the explanations of microscopic mechanism of superconductivity in FeSe systems.
LDA calculations of electronic structure of the A x Fe 2−y Se 2 (A=K,Cs) system were performed immediately after its experimental discovery [27, 28] . Surprisingly enough, this spectrum has appeared to be qualitatively different from that of the bulk FeSe and spectra of all known systems based on FeAs. In Fig. 4 we compare energy bands of BaFe 2 As 2 (Ba122) [29] (the typical prototype of FeAs systems) and A x Fe 2−y Se 2 (A=K,Cs) [27] . One can see a significant difference in the spectra near the Fermi level.
In Fig. 5 we show the calculated Fermi surfaces for two systems A x Fe 2−y Se 2 (A=K,Cs)
at various doping levels [27] . We see that they differ significantly from the Fermi surfaces of FeAs systems Fermi surfaces -in the center of the Brillouin zone, there are only small (mainly electronic!) Fermi sheets, while the electronic cylinders in the Brillouin zone corners are substantially larger. The shape of the Fermi surface, typical for bulk FeSe and FeAs systems, can be reproduced only at a much larger (experimentally inaccessible) levels of the hole doping [27] .
This shape of the Fermi surfaces in A x Fe 2−y Se 2 systems was rather soon supported by ARPES experiments. For example, in Fig. 6 we show ARPES data of Ref. [30] , which obviously is in agreement with LDA data of Refs. [27, 28] . One can clearly see that in this system it is impossible to speak of any, even approximate, "nesting" properties of electron and hole Fermi surfaces.
LDA+DMFT calculations for K 1−x Fe 2−y Se 2 system for various doping levels were done in Refs. [31, 32] . There, along with the standard LDA+DMFT approach, we also used our LDA ′ +DMFT [33, 34] approach, which allows, in our opinion, to solve the problem of "double counting" of Coulomb interaction in the LDA+DMFT in a more consistent way.
For DMFT calculations Coulomb and exchange interactions of the electrons in the Fe-3d
shell we have chosen U = 3.75 eV and J = 0.56 eV and as an impurity solver Hirsh -Fye Quantum Monte-Carlo algorithm (QMC) was used. The results of the LDA calculations are useful to compare with the ARPES data obtained in Refs. [35, 36] .
It is turned out that for K 1−x Fe 2−y Se 2 correlation effects play quite an important role.
They lead to a noticeable change in LDA energy dispersions. In contrast to iron arsenides, where In Ref. [36] the authors reported systematic ARPES study of the K x Fe 2−y Se 2−z S z system at different doping levels. It was shown that the sulfur doping level z can control the depth of the "shallow" electron band near the X-point (Fig. 7, δ -band) . We tried to model this situation for different compositions of K x Fe 2−y Se 2−z S z , taking into account the changes of lattice constant. We considered three cases of K x Fe 2−y Se 2 , K x Fe 2−y Se 1 S 1
and K x Fe 2−y Se 0.4 S 1.6 . The appropriate values of lattice constants used in our calculations are listed in Table I .
The LDA calculated density of states and band dispersions are presented in Fig. 8 and Table I ). These results are in qualitative agreement with ARPES experiments, though the unusually low values of band bottom energies ("shallow" band formation) of δ -band remain a mystery. We can also note, that according to In Ref. [42] we presented the results of LDA calculations for stoichiometric LiOHFeSe.
Corresponding energy band dispersions are shown in Fig. 10 (a) . At first glance, the energy spectrum of this system is quite similar to the spectra of the most of Fermi surface for this level of electron doping is shown in Fig. 10 (b) . It has an obvious similarity with the results for the A x Fe 2−y Se 2 system (see Fig. 5 ). These conclusions are directly confirmed by ARPES experiments [43] , with the results are shown in Fig. 10 (c) .
From or very small. In any case, for this system we can not speak of any "nesting" of electron and hole Fermi surfaces in any sense. Electronic dispersions found in the ARPES experiments are very similar to corresponding ARPES dispersions reported in Refs. [35, 36] for K 1−x Fe 2−y Se 2 system. These are qualitatively similar to dispersions obtained in LDA and LDA+DMFT calculations, including rather strong correlation bands narrowing (by about several times with different compression factor for different bands) [31, 32] ). However, the explanation of the formation of extremely "shallow" electron δ band with depth ∼0.05 eV near the M-point remains unclear. This requires an unusually strong correlation compression which hardly can be obtained from the LDA+DMFT calculations, while the diameter of electronic cylinders around M -points is nearly unchanged by correlations and almost coincides with the results of LDA calculations.
An interesting debate flared up around the possible nature of magnetic ordering of Fe ions, which replaces Li ions within intercalation LiOH layers. In Ref. [38] it was stated that this ordering is just a canted antiferromagnet. However, in Ref. [39] , on the basis of magnetic measurements, it was claimed that it is ferromagnetic, with Curie temperature T C ∼10K, i.e. substantially below the superconducting transition temperature. This conclusion was confirmed indirectly in Ref. [40] by observing the scattering of neutrons [39, 40] .
FeSe monolayer films
LDA calculations of the spectrum of the isolated FeSe monolayer can be performed in a standard slab approach. To calculate electronic properties we used the Quantum-Espresso [44] package. The results of these calculations are shown in Fig. 11 (a) . It can be seen that the spectrum has the form typical for FeAs based systems and bulk FeSe discussed in detail above. However ARPES experiments [45] [46] [47] convincingly show that this is not so. For FeSe monolayers on STO only electronic Fermi surface sheets are observed around the M -points of the Brillouin zone, while hole sheets, centered around the Γ -point (in the center of the zone), are simply absent. An example of such data is shown in Fig. 12 (a) [45] . Similarly to intercalated FeSe systems there are no signs of "nesting" of Fermi surface -there are just no surfaces to "nest"!
In an attempt to explain the contradiction between ARPES experiments [45] and band structure calculations reflected in the absence of hole cylinder in the Γ -point, one can suppose that this may be the consequence of FeSe/STO monolayer stretching due to mismatch of lattice constants of the bulk FeSe and STO. We have studied this problem by varying the lattice parameter a and Se height z Se in the range ±5% around the bulk FeSe parameters. Before the electronic structure was calculated crystal structure was relaxed. Unfortunately, the conclusion was that the changes of lattice parameters do not Strictly speaking, the nature of this doping is not fully identified. But there is a common belief that it is associated with the formation of oxygen vacancies in the SrTiO 3 substrate (within the topmost layer of TiO 2 ), occurring during the various technological steps used during the film preparation, such as annealing, etching, etc. It should be noted that the formation of the electron gas at the interface with the SrTiO 3 is a widely known phenomenon, which was studied for a long time [48] . At the same time, for FeSe/STO system this issue remains poorly understood (see, however, Refs. [49, 50] . It should also be noted that an additional "shadow" or "replica" electronic band near the M -point was observed in Ref. [46] , which is ∼100 meV below the parent band "shallow" band, and is clearly visible in Fig. 12 (b) . This "shadow" band is completely missed in the band structure calculations. The possible nature of this band (due to interaction with 100 meV STO optical phonons) and its importance for mechanisms of T c enhancement in FeSe/STO films was discussed in Ref. [46] . Now let us discuss the results of our LDA calculations of electronic structure of the FeSe monolayer film on SrTiO 3 substrate as shown in Fig. 3 . These calculations were again performed with Quantum Espresso [44] . By looking on left panel of [18, 47] we also obtain the anomalously low gap to the Fermi energy ratios: ∆/E F ∼0.25-0.5, which indicate, that these superconductors belong to BCS -BEC crossover region [52, 53] . 
